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Why Quantile Impulse Responses (QIRs)?

® Shocks can disproportionately affect downside risk — small
effects in expansions, but cause large losses in downturns.

® Policymaking is tail-sensitive — in Sep 2025 the Fed cut rates
because “downside risks to employment have risen.”

® Mean Impulse Responses identify average effects only.

® QIRs capture how a shock affects the entire outcome
distribution — directly measure the downside risk response.
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Illustrating how QIRs describe the effect of a shock on the outcome distribution
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Unconditional versus Conditional quantiles

Unconditional tails — extreme outcome periods.

Conditional tails — periods that are extreme relative to what
the control variables predict.

Researchers add controls for causal identification — quantile
regression then delivers conditional quantile effects.
Identification vs Interpretation trade-off:
® No controls — effect on unconditional quantiles
clear interpretation, but higher risk of bias
® Controls — effect on conditional quantiles
more plausible identification, but answers a different question
® A problem not encountered in conditional mean models
even controls that are statistically independent of the
treatment can alter the estimated quantile treatment effects
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Generalized Quantile Local Projections (GQLP)

® GQLP identifies unconditional QIRs while using controls for
identification.
® Explicitly distinguishes treatment from control variables.
® Controls serve only to isolate the shock.
® GQLP on endogenous treatment and controls identifies the
same response as quantile regression on the true unobserved
structural shock only.
® Parallel with identification in Local Projections and SVARs.
® [ntuitive interpretation of the QIR:
— dynamic causal effect of a shock on quantile of outcome.
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Application to Growth-at-Risk

Cumulative losses in U.S. industrial production growth (p.p.) at
quantiles 7 € 0.1,0.5,0.9 from a 1 s.d. credit risk shock.
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Contributions to the Literature

Quantile Impulse Responses — causal identification of
unconditional QIRs in the presence of controls.

(Loria et al. 2025; Chavleishvili and Manganelli 2024; Linnemann
and Winkler 2016)

Growth-at-Risk — causal link between financial risk shocks and
unconditional tail risks.
(Adrian et al. 2022; Adrian et al. 2019; Brownlees and Souza 2021)

Macrofinance — Quantile Invariance Theorem and simulation
algorithm to recover true QIRs from intractable models.
(Gertler et al. 2019; Bloom 2009)
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Econometric Framework
Potential Outcomes



Notation

GQLP combines generalized quantile regression of Powell 2020
with the local projections approach of Jorda 2005 in a potential
outcomes for time-series framework of Rambachan and Shephard

2021.
* Y, € R¥; Y +: scalar outcome; Y] ;: scalar treatment.

® X, C FY: finite history of observables.
® W, € R¥: vector of assignments (unobservable shocks).

e (Capital letters — random variables, lowercase — realizations.
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Potential Outcomes

® Yi(wi.t) — potential outcomes given a history of shocks.

Y: = Yi(Wi.t) — observed outcome.

Shortcut notation for Impulse Response analysis:
Yievh(Wj) = Yieen(Waie—1, Waj—1.6, Wi, Wintikes Wegt:e4n)

— Observed outcome: Yj iih = Vi ern(Wjy).
Potential outcomes can also be defined in terms of fixing other
endogenous variables: Y; c14(y;), then Y in = Yiern(Yie).
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Potential Outcomes assumptions

Assumption 1 (Non-anticipating Potential Outcomes)

Yt(leta {WS}SZH—I) = Yt(Wl:ta {W;}SZH—I) a.s.

Assumption 2 (Sequentially Probabilistic Assignment Process)
0<Pr(Wy=w|FY,)<1las. forallweW.
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Econometric Framework

Quantile Invariance Theorem



Quantile Impulse Response (QIR)

Assumption 3 (Structural Quantile Function (SQF))
Each Y +1n(y;) admits a SQF qn(7 | yj), non-decreasing in 7.

® The Quantile Impulse Response is:

QIR (h) = aqhgyj i),
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More definitions

Mean Quantile

IR(h) = aE[YIéH ) QIR(h), = 3%:9(7.\}’1')

Vi Yj
C|R(h) _ BE[YASZ(}%X)] CQ|R(h)T _ 867h(87'}|/1)'/j7x)
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Quantile Invariance Theorem

If a model has a structural Wold representation with Guassian
innovations then all conditional and unconditional QIRs collapse to
the mean IR.

Theorem 1 (Quantile Invariance)
If Ye = 32520 Wi W,_j with W, S N(0, 1), then for all 7 € (0,1)

IR(h) = cIR(h) = cQIR(h), = QIR(h),

— Nontrivial quantile dynamics require departures from linearity,
Gaussianity, or covariance stationarity.
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Conditioning in mean versus quantile models

e cIR(h) = IR(h) in models with additive separability between
treatment and controls, as the expectations operator is linear.

® |n cases where cIR(h) # IR(h), IR(h) is not well defined.

® cQIR(h) # QIR(h) in general even when controls enter
additively as the quantile operator is not linear.

® In a large class of models: cIR(h) = IR(h) but
cQIR(h) # QIR(h).
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Econometric Framework

Identification of IR and QIR



Impulse Response identification when shocks are
unobservable

Assumption 4 (Independent Assignments)
For all t #s, Wy IL Ws, and for all i # j, Wi 1L W ;.

Assumption 5 (Deterministic Potential Outcomes)

Potential outcomes Y:(wi.t) are deterministic functions of the
assignment sequence for all t > 1 and wy.; € WE.

Assumption 6 (Partial Invertibility)
Yit = g(Wt, X¢). The inverse W, = gj_l(Yj,t,Xt) exists.

SVAR(p) satisfies assumptions 1, 2, 4*, 5, 6.
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Quantile Impulse Response identification

Assumption 7 (Rank Similarity)

For all yj, yi: P[Yiern(yj) < an(7 | yj) | Yie, Xel = P[Yiern(y)) <
an(7 | yj) | Yje, Xe-

Theorem 2 (QIR,(h) ldentification)

Suppose Assumptions 1 through 7 hold Yh, then

Vh e {0,1,2,...,H} and for each 7 € (0,1):

PIYie+n < an(7| Yie) | Yie, Xe] = P[Yiean < qu(7 | Yie) | Xl
P[Yiern < gu(m | Vi)l = 7.

Contrast with QLP: P[Y; t1n < qn(T | Yjt, Xe) | Yie, Xel = 7.

)
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Monte Carlo
Simulation algorithm
SVAR with endogenous volatility
Non-linear DSGE



Key takeaways

Endogenous volatility SVAR:

® GQLPs with timing restrictions identifies the response of
quantiles of growth to a structural shock to financial
conditions.

Nonlinear DSGE of Gertler et al. 2019:
® Adding controls to QLP yields misleading conclusions about

capital quality shocks' effects on output, even when the shock
is observed.

® GQLP capture unconditional effects across all states showing
the large asymmetry in response of downside risk.
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Monte Carlo
Simulation algorithm



Simulating Potential Outcomes to Recover the Truth

simulate forward through t+h
A

- ~

% L L L L L J

AN 1 1 1 1 1 1 1 1 1 1 J
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Draw random shocks for t — 1 periods

1 1 1 1 1 J

perturb at t to
a grid of values

16 /30



Monte Carlo

SVAR with endogenous volatility



SVAR with endogenous volatility

stochastic volatility

growth 1 ¢ (Y )
+ o/exp( Yj -1
Yii: =a111Yi a112Yi+— ! W;
it 1,11 Yit—1+ a2 Yjt—1+ 1+o it
Yit +ao2nYir=a121Yi—1+a122Y i1+ W
~—~

financial conditions

”
* W, Wi, ~ N(0,1) are unobserved structural shocks.

e If » = 0 — standard SVAR(1) with timing restrictions.

Can we recover the response of quantiles of Y; ;15 to a structural
shock W ; if we observe only {Y;;, Y;.}?
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Recovering the Quantile Impulse Response

5
Horizon h

GQLP QLP

Figure 2: Dashed lines show true QIRs for quantiles 7 € {0.1¢,0.50,0.92}.
Solid lines with shaded areas are average estimates with Monte Carlo standard

errors. X-axis is the horizon.

GQLP recovers response of quantiles of Yj +,p to shock W; ;.



Monte Carlo

Non-linear DSGE



A Macroeconomic Model with Financial Panics (Gertler
et al. 2019)

® Nonlinear DSGE model with bankers and households solved
non-linearly using a global solution method.

® Bankers operate using equity and household deposits but can
divert funds and face bankruptcy.

® Households can manage capital but less efficiently than banks.

® Bank run equilibrium exists when liquidation prices are low
enough that banks have negative net worth.

® Series of negative capital quality shocks can bring economy to
point where bank runs become possible.
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Responses of quantiles of output growth to capital quality

shock

0 1 2 3 5 6 7 8 9 10 o 1 2 3 4 5 7 8 9 10
Horizon h Horizon h
GQLP QLP

Figure 3: True QIR (dashed) versus estimated QIR (solid) under the linear
specification for quantiles 7 € {0.1¢,0.50,0.92}. Results from MC = 1,000
simulations of length T = 500). X-axis is the horizon.
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Data

Monthly US time-series from January 1984 and June 2025.
Yi t+h is the h-months cumulative Industrial Production
growth.

® Two distinct financial risk shocks Yj ;:

1. Credit risk shock: A Excess Bond Premium.
2. Volatility risk premium: realized - implied volatility of S&P500.

X; is a vector of contemporaneous and lagged values of
macroeconomic, financial and monetary variables.
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|dentification assumption

® Timing restriction: financial conditions are affected
contemporaneously by macro shocks but respond with lag to
monetary policy shocks.

e Financial variables adjust quicker than real variables (Sims
1980; Christiano et al. 1996; Bloom 2009; Gilchrist and
Zakrajsek 2012; Chavleishvili and Manganelli 2024).

® | check robustness of results to alternative orderings (financial
risk variable ordered first and last).
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QIR (h) to credit risk shock
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Figure 4: Cumulative loss to Industrial Production growth (in % pts.)
from 1 std. dev. credit risk shock. X-axis is the horizon in months.
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GQLP vs QLP vs LP at one year horizon - Credit risk
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Figure 5: Response at one-year horizon, x-axis is the quantile 7 (multiplied by
100 for legibility). Shaded area is the 90% Cl. Blue dashed line is the response
of the mean. All models have the same variables, ordering, and lag length.
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QIR (h) to volatility risk shock
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Figure 6: Cumulative loss to Industrial Production growth (in % pts.)
from 1 std. dev. volatility risk shock. X-axis is the horizon in months.
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GQLP vs QLP vs LP at one year horizon - Volatility risk
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Figure 7: Response at one-year horizon, x-axis is the quantile 7 (multiplied by
100 for legibility). Shaded area is the 90% Cl. Blue dashed line is the response
of the mean. All models have the same variables, ordering, and lag length.
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GQLP vs QLP - Lag length sensitivity

. . Credit risk Volatility risk
Quantile Horizon Lags QLP GQLP | QLP GQLP
1 -0.94 -1.37]-0.22 -1.44

12 2 -0.92 -143]-0.18 ~-1.51

3 -0.64 -1.33|-0.03 -1.46

0.1 4 -0.55 -1.33]-0.33 -1.44

' 1 -1.32 -1.69 | -2.04 -1.61

o4 2 -099 -1.69 |-153 -1.22

3 -154 -1.73|-164 -1.02

4 -1.29  -1.73|-1.22 -1.02

Table 1: Responses of Industrial Production (in % pts.) to a shock that
increases credit risk or volatility risk by one standard deviation, computed
for two horizons h € {12,24} and quantile 7 € {0.1}. Lags refers to the
number of lags included as covariates (2 lags is the baseline specification).
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Comparison with Previous Literature

® Prior findings based on QLP with NFCI as a financial risk
measure:
® Adrian et al. 2019: QIRg; = —1.75pp vs. QIRy5 = —0.75pp.
® Ruzicka 2021: QIRg; = —2.5pp vs. QIRy5 = —1.5pp.

® Downside to median response asymmetry: 8:23;

® Previous Literature: Ratio of ~ 2.
e | find a significantly stronger degree of asymmetry:

® Credit Risk Shock: Ratio of 2.8
® Volatility Risk Shock: Ratio of 4.1
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Conclusion

® GQLP enables causal inference on unconditional quantiles
while using controls.
® Unconditionally low growth — actual downturns.

e Additional advantage of GQLP over existing alternatives:

® QIRs defined as responses to one-off shocks.
® Can accommodate nonlinear functional forms.
® Naturally extends to instrumental variable designs.

® Empirical findings:
® 2pp loss at lower tail vs 0.5pp at median.
® Stabilizing financial conditions prevents recessions without
sacrificing expansion growth.
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Future Research

® Methodological extensions:
® |ncorporate instrumental variables identification.
® Apply smoothing techniques to GQLP following Barnichon and
Brownlees (2019) and Ruzicka (2021).
® QOther applications:
® Inflation-at-risk: How do policy shocks affect inflation in high
vs low inflation environments?
® Fiscal multiplier: Do government spending shocks have
different effects during expansions vs contractions?
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SVAR & Potential Outcomes (Rambachan and Shephard
2021)

SVAR(1) model assumes that the potential outcome process
satisfies:
AoYe(wie) = we + A1 Yeo1(wiie-1).

Then Ao(/ — ®1L) Yi(wi.t) = wy, where L is the lag operator and
®; = Ay tA1. So

Yi(wit) = Aalwt + 1 Yi1(wie-1),

which in turn implies that the potential outcome process also has
an SVMA model representation:

Ye(wie) = Agtwe + P1A  wey + - 4+ OTTTAT T w + ©LATYG.
In this case, the h-period ahead average treatment effect is

E [Yern(w) — Yern(w)] = 7AW — w').
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Mean Impulse Response identification

Theorem 3 (IR(h) Identification)
Under Assumptions 1, 2, 4, 5, 6:

=IR(h)

7E[Yi,t+h | Yj,t = yj7Xt] =E :

0 Y ern(w)) agjl(y,-,xt)’ }
Xt .
8)/1' 8Wj 8yj

SVAR IR normalization

Normalization does not depend on the horizon nor the dependent
variable and is a constant in linear settings. In a SVAR it equals to
1, and in Local Projections it can be estimated (Plagborg-Mgller
and Wolf 2021).
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Proof - Quantile Invariance |

Y, € R¥ admits a structural Wold representation

Y= ZWeWt—z» Z [Wel| < oo,
=0 =0

where {W;} ey are iiid. N(0, ). Fixi,j € {1,...,k} and a
horizon h > 0. Write the i-th component at horizon h as

Yitth = [Whlij Wt + Rittn,

where

k
Ritrh =Y [ValimWme+ D D> [VeliimWin,erhe

m#j {#£h m=1
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Proof - Quantile Invariance Il

Because the innovations are i.i.d. Gaussian, W; ; is independent of
Ri ¢+n (uncorrelated jointly Gaussian variables are independent).
Applying the definition of potential outcomes yields:

Yiern(wj) = [Walij wj + Rieth.

Mean Impulse Response (IR):
Taking expectations yields:

E[Y; t+n(Wj)] = E[Ri tn + [Valijw;] = E[Ri ¢4n] + [Whij w;.
Differentiating w.r.t. w; yields:

_ OE[Yiern(w)]

IR(h) S

= [Whli -
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Proof - Quantile Invariance Il |

Quantile Impulse Response (QIR):

an(7 | W) = Gy, oy (T | Wej = wy)
- qRi,t+h+[‘|’h]i,jo(T | Wej = w;)
=GR, o(T | Wej = wj) + [Vhlijw;
=GRy (T) + [Vhlijw

Differentiating w.r.t. w; yields:

_ 9an(7 | Wjr = wj)
w;

QIR,(h)

= [Whli -

Therefore QIR (h) = [V4];; for all 7 € (0,1).
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Proof - Quantile Invariance |V |

Conditional Quantile Impulse Response (cQIR):
Let X; be any vector measurable w.r.t. past and current
observables.

an(7 | W), X) = qy, (w0 (T | Wt = wj, Xe = X)
= Ryt Wiy w (T | Wie = wj, Xe = x)
=GRy (T | Wit = wj, Xe = x) + [Wh]ij w
= QR (T | Xe = Xx) + [Wp]ij v

Differentiating w.r.t. w; yields:

_ 8qh(T‘ VVj,t: M/_['MXT.‘:X)

CQIRT(h) Ow-
J

= [Walij-
Therefore cQIR-(h) = [Wp]; for all 7 € (0,1).
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Rank Similarity Assumption

e \Weaker version of Rank Invariance — rank is identical across
treatment states.

® |f we know the current treatment and controls, whether a
time period would have a high-rank or low-rank outcome
doesn't depend on which treatment value we're considering.

® |f economic conditions suggest a period would experience an
above-median outcome given one policy shock value, those
same conditions suggest it would also experience an
above-median outcome for a different policy shock value
(though the median levels themselves differ).
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Proof - IR identification |

Define the covariate set: X; = {Y_;+, F,";}. Using the shortcut
and conditional independence, we write:

E[Yi ernl{Yje = yi} | Xe] = E[Yieon(Waern)L{Yje = yj} | Xi
= E[Yiern(g (v X)) Ve = v} | Xel-

Expand via expectation and covariance:

= E[Yieen(g (v, X)) | Xe] E[L{Y)e =y} | X{]
+ Cov(Yiern(gy (v, X)) H{Yie = v} | Xe).

Under conditional random assignment, the covariance is zero

E[Yieenl{Yje = yj} | Xi]
= E[Yirrn(g (v, X)) | X E[L{ Y] e = y;} | Xe].
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Proof - IR identification Il

Use the identity E[A | B] = EE[?II{{BB}}]’] to obtain:

Il1_‘:[\/:‘,t-1-h | Yit= yj7Xt] = E[Yi,t—s—h(gfl(yjaxt)) | Xt]-

Taking partial derivative w.r.t. y; and exchanging
derivative/expectation:

) ) B

%E[Yi,wh ’ Yj,t = yj7Xt] = E[ayj Yi,t—&-h(gj (yJ'7Xt)) ’ Xf}
_E[av,-,t+h(vvj) Og; (1), X) ]
- dw; dy; t
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Proof - QIR identification |

We restate Theorem 1 from Powell 2020 in our settng. First, we want to
show: P[Yiern < qn(7 | Vi) | Ve, Xe] = P[Yiern < qu(7 | Yie) | Xe].
Evaluating the left hand side of the equality we have:

PIYiern < an(m | Yie) | Yies Xe] = P[Yiern(Yie) < qn(T [ Vi) | Ve, Xl
= P[Yiern(ys) < an( | ) [ Ve, Xi
=P[Yiern(y) < an(7 [ y5) | Xel.

The first equality sign follows from the definition of a potential outcome.
The second equality sign comes from the rank similarity assumption
which must hold for all yj, y/ and thus also for d = Yj ;. The third
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Proof - QIR identification Il

equality sign follows from the conditional independence of Y;. Evaluating
the right hand side of the equality we have:

P[Yitrn < qn(T | Vi) | Xe] = P[Yiern(Yie) < an(7 | Yje) | Xi]

- / PLY:eon(Yie) < an(r | i) | Xeo VieldB(Y; e | Xe)

- / PLY: en() < Gh(r | 97) | Yo XJAB(Yie | Xo)
— BYiein(y) < an(r | 3) | X

The first equality follows from the definition of a potential outcome. The
third equality follows from the rank similarity assumption. The second
and fourth equality follow directly from properties of marginal probability
functions.
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Proof - QIR identification Il

Now we want to show: P[Y; ¢yn < gu(7 | Yje)] = 7.
P[Yiern < qn(7 | Vo)l = /IP’[Y,-’,_Ur,,(Yj,t) < an(7 | V) | Xe, Vel dP(Xe, V)

- / LY en() < an( | 37) | Xeo Vi dB(Xe, Vo)

= P[Yiesn(y;) < an(7 | )]

=T

The second equality follows from the rank similarity assumption. The
fourth equality follows from SQF assumption.
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Estimation is done separately for each h and for each 7:

1. Postulate a candidate (3,(7). For each candidate f(7) there
exists an intercept d(7) such that
P(Yj t+n < @n(T) + Bn(7)Yjt) = 7. We need to search over
the slope coefficients only.

2. Given the pair (én(7), Bp(7)), estimate a linear probability
model (or Logit/Probit) for the event that
Yit+h < &n(T) + Bn(7)Y;+ as a function of controls X;. Save
the predicted probabilities as 7x,.

3. Bu(r) = argming g'Ag, where
g =121 Viell{ Yiesn < @n(7) + YieBa(r)} — 7x.].
A = [E(gg’)] ! is the optimal GMM weighting matrix
constructed using starting values from standard quantile
regression of Y . p on Y ;.
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Block of Block Bootstrap Confidence Intervals

® Re-sampling the data by randomly drawing blocks of m
consecutive observations, using blocks which start at indexes
1,..., T — m+ 1, before re-estimating the model B times
using these pseudo-samples.

® The confidence intervals are then based on the distribution of
the estimated parameters across the B repetitions of the
procedure.

® Re-sampling blocks of observations preserves the temporal
dependence in the data.
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Monte Carlo DGP Parameters

parameter\aul arpe ayle  aipl a2 @
value |05 -01 -025 -01 -02 1

Table 2: Model parameters used in the simulation.
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Simulation results for gi(7 | y;) from 1,000 simulations of length 500.
7 € {0.10,0.50,0.92} show the true SQF. Solid lines show the estimated SQF
using a quadratic specification.



Cl Coverage - Monte Carlo results

Nominal Level
Quantile Horizon | 68 % 90% 95 %
1 71% 89% 94%
0.1 5 68% 91% 96%
10 70% 89% 94%
1 67% 92% 95%
0.5 5 69% 90% 95%
10 70% 91% 95%
1 68% 88% 93%
0.9 5 70% 89% 96%
10 72% 91% 96%
Average coverage | 69.4% 90.0% 95.0%

Table 3: The coverage was computed in a Monte Carlo simulation using
the endogenous volatility SVAR model with 500 repetitions of length

T =500 and B = 1000 Bootstrap repetitions. The block size used was
m=7T.
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MIT shock in nonlinear DSGE model (Gertler et al. 2019)

= RUN (Run Threshold Shock and Sunspot) = = NO RUN (Run Threshold Shock and No Sunspot)
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Figure 9: From Gertler et al. (2019). Response of the economy to a
sequence of three small negative capital quality shocks combined with a
sunspot that triggers a bank run. The plot starts in period 2, economy is
in steady state in period 0 then it experiences the three shocks and no

shocks thereafter.
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SQF in nonlinear DSGE model (Gertler et al. 2019)

o
Capital quality shock

Figure 10: Structural quantile function of output to capital quality shocks
at horizon 1, plotted for quantiles 7 € {0.1¢,0.50,0.92}. X-axis shows
the capital quality shocks (the variance of the capital quality shocks is

o = 0.005), output at horizon 1 is on the vertical axis. The results are by
simulating the Gertler et al. (2019) model for each shock grid point over
MC = 1,000 simulation repetitions.
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Robustness to alternative timing restrictions - Credit risk

QIR (h)
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Figure 11: Cumulative loss to Industrial Production growth (in % pts.)
from 1 std. dev. credit risk shock. X-axis is the horizon in months.
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Robustness to alternative timing restrictions - Volatility risk
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Figure 12: Cumulative loss to Industrial Production growth (in % pts.)
from 1 std. dev. volatility risk shock. X-axis is the horizon in months.
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QIR (h) to credit risk shock
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Figure 13: Cumulative loss to Industrial Producti
from 1 std. dev. credit risk shock.
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QIR (h) to volatility risk premium

w0 o}
o
Ay
o qag . . /f\ N
. A . A Sy Ny
€ “ Nog £ N 4
o 0
o« e A o« . A A
Cu e X <] SANA
. \Q/V“va.o-ﬂ‘v) s \X/_
90% ClI ' 90% Cl
_ |- t=05 —+—1=0.9
' zero il zero
0 3 6 9 12 15 18 21 24 ' 0 3 6 9 12 15 18 21 24
Month (h) Month (h)
(a) 7 = 0.5 with 90% C.1. (b) 7 = 0.9 with 90% C.I.

Figure 14: Cumulative loss to Industrial Production growth (in % pts.)
from 1 std. dev. volatility risk premium.
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No Frisch-Wough-Lovell theorem for Quantile Regression
Y = X, W + X, where X1, Xo, W £ Uniform|0, 1].

L4 E[Y ’ X1] = XlE[W] + E[XQL ]E[Y ’ X1,X2] = XlE[W] =+ Xo.
IR = cIR = E[W].

® gy (7 | x1,x2) = x1qw/(7) + x2, but gy (7 | x1) = Gqwix,(7)
is not separable.

— QIR = 26D o QIR = gy (7).

T B(r) Bi(7)
0.1 035 0.1
0.5 05 0.5
09 065 09

o) + B(1) X1 aT)+61(T)X1+52(7) X2 QR coefficients
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